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Fig. 6 MHD augmentation based on impact pressure increase, D-Hi-
p; Q-MEDI-p; A -low enthalpy, unseeded, B = 5.2; O-low enthalpy,
seeded, B = 4.0; O-low enthalpy, seeded B = 5.2; filled symbols— fully
powered MHD; dashed square— MHD Aug. @ 50% electric currents;

half filled symbols-60% £-Field, no 5-Field.

Operation of the facility under so-called "fully powered"
conditions (as compared to "underpowered" conditions) elimi-
nated the boundary-layer loss and resulted in an operational
efficiency of 75% (somewhat below the 85%-90% value reported
in Ref. 2).

Velocity increase data were obtained primarily from the impact
pressure measurements. Fig. 5 shows nozzle impact pressure
responses, and Fig. 6 is a summary of the wide range of impact
data obtained compared to the one-dimensional analysis as a
function of variation in MHD channel electrode segmentation
ratio. The increase in impact pressure is quite pronounced and
the analytically predicted increases in flow velocity were readily
achieved experimentally. A tabulation of the various operational
and flow conditions shown in Fig. 6 is given in Ref. 9
(Chart II). These conditions cover high and medium flow density
(p), high and low reservoir enthalpy, and include a very limited
study with seeded air using a novel "basket seeder."9 Under
the most optimum conditions used in this experiment, the
velocity in the test section increased from 19,600 fps to 24,000 fps
due to upstream MHD augmentation.
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Interpolation in Numerical Optimization
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A NUMBER of numerical optimization methods, for example,
the gradient method, the generalized perturbation method,1

and quasilinearization, iterate on variable histories. In order to
facilitate the updating process from one iteration to the next,
a fixed-step, multistep integrator, such as the Adams-Moulton,
Adams-Bashforth integrator, is normally used. With a low-order
integrator, say fourth order, it may be necessary to use a large
number of integration steps to get the accuracy needed to
achieve convergence, and this is costly with respect to both
computer time and computer storage. At the same time, a large
number of integration steps can lead to round-off error in the
numerical integration process. The problems previously men-
tioned can be circumvented by using a variable-step integrator
with stepsize control based on local relative truncation error.
However, this procedure requires the use of an interpolation
method because the pattern of integration steps will differ from
one iteration to the next. In addition, the orders of the inter-
polator and the integrator must be similar to achieve the desired
accuracy. One arrangement which has been used successfully1'2
is the Runge-Kutta-Fehlberg 3(4) integrator3 and the cubic-spline
interpolator. The purpose of this Note is to discuss the cubic-
spline interpolator in terms of the requirements imposed by
numerical optimization.

In general, the requirements imposed on the cubic-spline
interpolator by numerical optimization are that the spline be
generated accurately and with the minimum amount of storage.
The standard procedure for generating a spline involves the
solution of a linear system in which the coefficient matrix is
tridiagonal. The linear system can be solved by an elimination
method (for example, Gauss elimination) or by an iterative
method (for example, successive over-relaxation). With regard
to accuracy, both methods yield essentially the same results.
However, Gauss elimination requires the storage of three more
N-vectors than successive over-relaxation, where N is the number
of nodal points. If N is large and if several curves are being
interpolated, storage minimization makes iterative methods more
attractive than elimination methods. It should be mentioned,
however, that iterative methods usually require more computer
time.

An algorithm and a code for generating the cubic spline
with successive over-relaxation is presented in Ref. 4. However,
there are two aspects of the procedure used in Ref. 4 which
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can be improved. First, the code is written in such a way that
eight JV-vectors must be stored in addition to the two N-vectors
which define the table being interpolated. By a simple rewriting
of the code, the eight N- vectors can be reduced to one. Second,
the algorithm of Ref. 4 sets up the linear system in terms of the
second derivatives at the nodal points. Then, both the second
and third derivatives are used in the interpolation computations.
If the first derivatives at the nodal points are needed, additional
computations would have to be made. An algorithm can be
formulated such that the solution of the linear system yields
the first derivatives at the nodal points and that this is the only
N-vector which needs to be stored along with the two defining
the table. The remainder of this Note presents the equatons
for such an algorithm.

Consider the cubic polynomial for the /cth interval where the
k subscripted quantities are evaluated at the beginning of the
interval and the k+ 1 subscripted quantities are evaluated at the
end of the interval. Let t denote the value of the independent
variable within the /cth interval for which the interpolated value
of the dependent variable y is desired. Let A, B, C, and D
represent the constant coefficients of the cubic polynomial in
this interval, and write the following expressions :

y = A + B(t- tk) + (C/2)(t- tk)2 + (D/6)(t- r,)3

y' = B + C(t-tk) + (D/2)(t-tk)2 (1)
y" = C + D(t-tk)

In terms of the notation h = t— tk, Hk = tk+ 1 -- tk, and R — h/Hk,
the expressions which relate the constant coefficients of the cubic
to the values of the dependent variable and its first derivative
at the ends of the interval are given by

where
rr TJ

+ ! - yfc) - (2/Hk)(y'k+ 1 + 2y'k)
(2)

y' = (6/Hk)(R~R2)(yk+l-yk) +
(l-4R + lR

" = (6/Hk
2)(\-2R)(yk+l--yk) +

C* —

D = (-
These values may now be substituted into the expressions for
the dependent variable and its derivatives to produce the
following relations:
y = yk+(3R2-2R*)(yk+1 -yk) +

(3)

The equations written in this form assure continuity of the
dependent variable and its first derivative at the ends of the
interval as may be demonstrated by using R = 0 and K = 1
in the above equations to obtain values at the beginning of the
/cth interval and at the end of /cth interval. In order to assure
continuity of the second derivative between intervals, the value
of/' at the end of the /cth interval is equated to the value of/
at the beginning of the k+ 1st interval This yields the following
recursive relationship for yk:
Hk y'k-1 + 2(Hk-1 + Hk)y'k + 'Hk~ iy'k+i =

3(//fc_ i/Hk)0>fc+1 - yk) + 3(Hk/Hk- i)(3V- yk-1) (4)
The output of the Runge-Kutta-Fehlberg numerical integra-

tion process is the table of values of yk and tk. For N stepping
points (including the first) used by the numerical integrator,
AT values of y'k must be determined to construct the cubic spline.
The recursive relations of Eq. (4) provide N~2 equations in y'k.
The input of y\ and yjv, the values at the beginning and end
of the integration interval, provides a solvable set of equations
in yk. If conditions are imposed on /[ and /i, the corresponding
conditions on the first derivatives can be obtained from the
third of Eqs. (3).

The successive over-relaxation iterative method for solving the
linear system is defined by the relation

yi = yi+1.0717968 Ak (5)

* ~ yk} + 3

(6)

To start the iterative process, the values of yk corresponding to
a quadratic spline are used; that is,

—^JLL.1— JL __ __5l.__ J_

(7)
The iterative process is continued until the change in the values
of yk at each nodal point between iterations satisfies a prescribed
tolerance which should be correlated with the tolerance
prescribed for the integrator. Convergence of the iterative method
is assured since the coefficient matrix of the linear system is
tridiagonal and irreducibly diagonally dominant. Finally, once
the values of y'k are known, interpolated values of y can be
computed from the first of Eqs. (3).

From the previous relations, it is apparent that the only
quantities which need to be stored during the computation
process are tk, yk,-and y'k. The values of Hk, Hk-lt and A/c
can be computed at each nodal point and do not need to be
stored as vectors.

The use of variable-step integration with numerical optimiza-
tion methods which iterate on variable histories requires inter-
polation. Furthermore, the interpolation method must be
generated accurately and must use minimal storage. The
procedure suggested here has a guaranteed accuracy and requires
the minimum amount of storage.
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Elastic Foundation
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Nomenclature
A = area of cross section of the beam
AI — constants (i = 1 ... 4)
aif Bn = constants (i = 0 . . . 4 ; n = 1 , 2. . . . , oo)
Cs = torsion constant
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